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Abstract. We determine some necessary conditions for a given partial differential equation
%, written in conservative form to admit a potential symmetry (ps). A ps of € is a point
symmetry of the auxiliary system &, obtained introducing a potential as further unknown
function, then a ps leads to the construction of solutions via the classical reduction method.
Given a PS, we introduce an algorithm that allows us to determine a class of &-solutions
which includes the ones obtained as invariant solutions under the related point symmetry
of ¥,. As examples, we consider a Fokker-Planck equation, a wave equation in non-
homogeneous media and a quasilinear wave equatior.

1. Introduction

For a partial differential equation (pDE) € in two variables, the reduction procedure
is based on the use of a similarity variable, which allows to get solutions of the original
poE & by integration of an ordinary differential equation (0DE).

Reduction procedures are used to search solutions which are invariant under local
symmetries, classical and weak [1, 2]. In {3], it is proved that the reduction procedure,
which uses non-classical symmetries, includes the direct reduction method, defined in
{4, 5]

In [6], Bluman and others suggested a method to find a new class of symmetries
for a ppe &, in case it is written in conservative form. They analysed the Lie symmetries
of the system &, that is obtained introducing a potential as further unknown function.
Any group ¥ of Lie transformations for &, induces a symmetry for ; when at least
one of the generators of %; (associated to the variables and the wnknown function of
&) depends explicitly on the potential, then the corresponding symmetry of € is neither
a point nor a Lie-Bicklund symmetry. These new symmetries of & are called potential
symmetries.

In this paper, we determine some necessary conditions for an equation, written in
conservative form, to admit potential symmetries.

~ We prove that the only equations which can admit potential symmetries are those
in which either the flux or the density are functions depending at most on the first
derivatives of the unknown function. A further examination specifies the possible forms
and gives a characterization of some properties of generators.

The potential symmetries of & being point symmetries of the system ¥,, can be
determined by Lie’s algorithm; this fact makes the poteatial symmetries useful in
looking for solutions of € using a reduction method. We can compute the solutions
F for the invariant surface conditions of the group %s. The invariant solutions of &,
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are the solutions & which are also solutions of &,. These solutions will give naturally
a class, ¥, of solutions for & [7]. In & there may exist also solutions for € which
are not in Fgz; these are determined by direct substitution of F in &.

As examples we consider a Fokker-Planck equation, a wave equation in non-
homogeneous media and a quasilinear wave equation.

2. Conservative forms

A pDE ¥ of order n, in the unknown function u(x, ¢) is written in a conservative form
if it has the form

D.F—D,G=0. ' (2.1)

Here, the density F and the flow G are functions of (x, ¢, », u,..., u ), u stands for
1 k

L
the set of kth order derivatives of u, while D, and D, are the operators of total
derivation wrt x and «. Clearly, a PDE can be written in conservative form (2.1) only
if it is quasilinear.
If it possible to define a density F and a flow G and write a ppE in the form (2.1),
then the same can be done with an infinite number of other densities and flows, related
to the first by

F=F+DJH G=G+DH (2.2)

with an arbitrary regular function H(x, f,u,%,...,u,...).
1 k

There could also exist, for certain equations, several fiows and densities which are
not related by the relation (2.2).

For example the Fokker-Planck equation (where we have set physical coefficients
to be unity)

Ei=u,— e —xu,—u=0 ' (2.3)
may be written in conservative form with the following two choices of flows and densities
Fi=u Gy =t +xu (2.4a)

and )
Fo=u I exp(x?/2) dx G, = (u, +xu) J exp(x?/2) dx — u exp(x*/2). (2.4b)

Similarly, for the wave equation in non-homogeneous media (where we have set
physical coefficients to be unity)

Ex=uy— Xt =0 (2.5)
there exist the following two choices

Fy=u/x Gi=u, (2.6a)
and

Fy=u Gy=xu, —u. (2.6b)

By considering a potential »(x, t) as an auxiliary unknown function, the following
system ¥, can be associated with (2.1):

v, =F o,=G (2.7)
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The forms (2.2) are equivalenti in the following sense: the corresponding systems
&, are the same, if the definition of v only is changed. On the other hand, densities
and flows of the form (2.4) or (2.6) are not equivalent. Hence, when a PDE can be
written in conservative form in more than one way (not equivalent), it is essential to
specify which one is the considered conservative form when we are looking for potential
symmetries. In the last section, we will see that (2.5) admits potential symmetries when
written in conservative form by means of F, and ,; on the contrary, there are no
such symmetries if it is assumed that the conservative form makes use of F, and Gs. |

3. Potential symmetries

A point symmetry group for &, is defined by the following equations:
X =x+eé(x, t,u 0)+0(e?) t'=t+er(x t,u v)+0(e?)
u'=u+en(x i, u, v)+0(e?) v'=v+ed(x, t, u, 0)+0(e*)

and it is completely determined by the generators &, 7, 1, ¢. Point symmetries, which
verify £2+ 72+ 72=0, correspond to point symmetnes of & Instead we obtain potential
symmetries of &, if £+ +53>0,

It is well known that the homogeneous linear system which characterizes the
generators is obtained from

V0Pl =0 #(0=Gle,=0 @D

which must hold identically. Here %"~" is the operator

d
?’f(" 1 4 — — —
§ ax Tat T"au qb

3 E
+ u® g yw 2L ) +oot (U‘"‘” + VY )
Z ( aurs 3 Z rs aurs rs

r+s=1 avrs r+s=n—1 a1l-;'rs
Here
ar+su ar+sv
U V= r,selN
== axtat = exTar - ’ °

and U%® and V¥ are extensions of order k= r+s {r times in x and s times in 1) of
n and ¢, respectively. Observe that U'Y depends on the derivatives of o of order r+s
in the following way:

US’i‘) = vrs(gvux + Ttl — 7’0) + Ug'c)

where U does not depend on the derivatives of v of order k=r+s.
Let € be of order n > 2; ciearly, at least one, either F or G, depends on the {(n —1)st
derivative; say G. Hence we have that

%n-n(vt_G)E Vlgll)_%("_”GE Z (gzq ﬁrs) (gvux+rvur_77)+"' (32)
res=n—1 rs

where the given terms are the only ones that depend on the (n -~ 1)st-order derivatives
of v
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Let F be of order h<<n—1, that is h=n—1—A for some helN,. If we want to
evaluate (3.2) on the manifold &,, besides (2.7), we have to consider the differential
consequences of v, —F =0, up to order h; then, we have to substitute all derivatives
of ¢ in (3.2) up to order 2+1, but the pure derivatives in ¢ of order greater than 1.
Such derivatives act on the explicit term in (3.2) only if A+1=n—1, that is only if
h=1. Then, the following theorem may be proved.

Theorem 1. The necessary conditions for (2.1), of order n>2, to admit potential
symmetries is that

G
auo.n—l

=0 and F=F(x,tu,u,u). (3.3)
(Clearly, an analogous theorem holds if we change G to F and ¢ to x in (3.3).)

Since for n=2, F=F(x, t, 4, u,, u,) and G = G(x, t, u, u,, u,}, we have shown that
potential symmetries can exist only if the density or the flow depends at most on the
first derivatives of u; now, we want to get a better characterization of this dependence
and of the structure of the generators.

Assume the first equation of &, in the form

v = F(x, 1, u, u, u,). (3.4)
The first equation in (3.1) is verified if and only if

T b T+ TUF_'%: (gvux + Tt — 7?1:) =0 (3'5)
¢y
aF
Eu_ [ﬂx + Nl = Uy (‘fx + guux) - u!('rx + Tuux) - F(guux + Tty — 'nv)]
aF aF aF oF
P It it wlEot )~ wrot ma) ]+ § by Fg,
+ F( ‘fx + guux - d’v) - ¢x - d-’uux =0. ’ ‘ (3-6)
Equation (3.5) implies that (3.4) must be of the form
v, =H(x, t, u, u)u+K(x, 1, u, u,). (3.7
Hence (3.5) and (3.6) satisfy the following relations:
oH
—_— =90 .
1-"Hé)ux (38)
aH dK .
EZ-EKTu+Tx_H(nu_fvux)]-'-TvHaT—Hzgv-l-Hfu=0 (3-9)
X X

dH aK
P [K(&u—mo) + Eur+u{éc—n) — 1. ]+2 oy (Kryt 7t 1y10,)

X

8H 4H oH
+H(&, 'f}+m—¢,,)-*§ax _Tat -nau +2HKE, =0 (3.10)
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H{&u,—1,)— K7, — 75— 124, =0 (3.11)
9K , 3K oK, oK 3K
—_— — —~— —_ + —_— — —— Jn—
aux [ﬂx fuu:: ux(gx nu)] I‘(aux (nu fvux)-i-f ax +7T 81‘ 11 |
+K2§v +K(§x +fuux - ¢u) +H(’?r _fxux) - ‘;buux - ¢x =0. (3°12)

For (3.8), there are the following possibilities:

(1 H=H(x,t,u) 7, #0

(2} 7, =0.
Case (1)

From (3.11), it follows that
ux(Hgv — Tu) — (Tx + H'qu)
T!J

which verifies (3.9) identically. Equanons (3.10) and (3.12) give relanons between H
and the generators.

K=

Case (2).
From (3.11} it follows that H ={(r,u.+7.)/{&ux—n,) which is compatible with (3.9)
if and only if

(2a) H=1,/¢ £&#0 7, #0 Tuby T T =0
(Zb) H=-Tx/ﬂu 'Th,?éO' Tx #0 §U=Tu=0
(2¢) H=0 Te=7,=0.

In cases (2a) and (25), from (3.10) we may infer that £ %, ¢ are at most linear in
v and that K is linear in «,. Equations (3.10) and (3.12) establish relations between
the generators and-the coefficients of that linear form. In case (2¢), we have that (3.9),
(3.10}, (3.11) are identically verified, while (3.12) assumes the simplified form that is
obtained by setting H =0, and it defines K

In conclusion we have proved the following:

Theorem 2. Equation (2.1) admits symmetry potentials only if equation (3.4) assumes
one of the following forms:
U= H(x, 6, w)u+ Ky (x, 1, ) ue+ Ko(x, t,u) (3.13)
where H # 0; otherwise A
v, =K(x, 1, 4,u,) (3.14)
and in this case is 7=7(t}.

If K in (3.14) is a polynomial of degree n in u, from (3.12), when n=3 (ie.
2n—1>n+1}it follows that £, = n, =0. Therefore we have: .

Theorem 3. If K in (3.14) is a polynomial of degree n in u,, there exist potential
symmetries only if n<2.
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4. Solutions by reduction

Let € be a partial differential equation which can be written in conserved form with

a choice of F and G which satisfies the necessary conditions of the last section. We

suppose to have determined a potential symmetry of . Now it is interesting to clarify

how it is possible to use these symmetries to find exact solutions by reduction methods.
Given a point symmetry for &,, the invariant surface conditions are

Ex, Luv)u.+7(x, tw v)u,—n(x 4 u0)=0 (4.1)
f(x: r: U, ﬁ)ﬂx+T(x, t: u, 0)0, _¢(xs t’ u, v) =O’ (4'2)

The solutions of the associated characteristic system are given by three independent
integrals

Sl(xs ts u, 'U) =Cy S?.(xs ts U, U) = SB(x: I, u, v) =& (4'3)

with 8(s,, 52, 82)/3(w, v) of rank 2.

The solutions of (4.1) and (4.2) are defined as one-parameter families of characteris-
tic curves (4.3). If we assume ¢,= z as parameter and ¢, = h,(z), ;= hy(z) from (4.3)
we obtain

u=Ul(x, 1, z, by (2}, ho(2)) (4.4)
v=V(x, 1,z (z), hy(2)) (4.5)
G(x, 1z, h{z), ha(2))=0. ) {4.6)

The last equation defines implicitly the similarity variable z as function of (x, ). We
point out that {(4.4) is a family of solutions of the second-order equation

F(x, t,u, , g)=0 (4.7}

that is obtained by eliminating v between (4.1) and (4.2).

The invariant solutions of &, are given by (4.4) and (4.5) where the i;(z) are the
solutions of the ordinary system &, which is obtained by substitution in ¥,. € being
a differential consequence of &,, the solutions of &, give those solutions Fg of &,
which verify the differential relation

A5t u ..., u)=0 (4.8)

obtained by eliminating v between (4.1) and

EF+aG—g =0,

) (4.9)

We can determine a family %% of %-solutions by direct introduction of (4.4) and
{4.6) in €. We obtain, in this way, a relation involving z, &,, i, the derivative up to
order n and one parameter given by the x or the ¢ By imposing that the relation is
identically zero for any value of the parameter, this will result in an ordinary system
& on the h(z). F% is given by {(4.4) where h(z) are solutions of F; then F% is a
family of solutions for (4.7). On the other hand %, besides (4.7), verifies also (4.8),
then % is enclosed in F%. In [7] and [8] potential symmetries have been applied to
obtain only the solutions . Here we apply potential symmetries to obtain the wider
class #F% of ¥-solutions.
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5. Examples

In this section we clarify the generalization of the classical reduction method above
introduced by some examples.

Example 1.
For the Fokker-Plank equation (2.3}, if we consider the corresponding system
v, =1 v, =, +xu (5.1)

which is a particular case of (3.14), we obtain point symmetries with the following
generators:

Z;: =—x exp(2?) 7=—exp(2t) 7 = (ux*+2xv+2u) exp(2t)

¢ =v(x*+1) exp(2t)
&y E=exp(s) =0 n=—(ux+v}exp(t) ¢ = —ovx exp(?)
& £=exp(—1) r=p=¢=0
Zy £=—x exp(—2¢) r=exp(—2t) 7 =u exp{—2#) ¢=0
Z,: r=1 f=n=¢=0
Fe: f=r=0 n=u d=0

and co-dimensional symmetry, which is a consequence of linearity. In all the symmetries
above, only &, and %, are potential symmetries for (2.3).

For the potential symmetry &, the characteristic system related to the invariant
surface conditions

xu, +u, Fuwx?+2ox +2u=0 (5.2)

xv,+o,+o(x*+1)=0 (5.3)
admits the following three integrals ) 7
co=x""exp(£) ¢, = vx exp(x°/2) e, = (ux?+ vx®) exp(x*/2). (5.4)

Then the solutions of (5.2), {5.3) are

u = (hy(z)x™*— hy(2)) exp(—x°/2)

v=h(z)x"  exp{—x*/2) z=x"" exp(t). (55)
Here the equation (4.7) reads

7 = wy + 21Uy, + XU, + (2% 2at, + (23 + 30 1, + (x*+4xDHu =0,  (5.6)
To find the solutions FE, we introduce (5.5), in (2.3) obtaining

(42> +6hiz +6h,) +exp(2t)(2h, — 2z~ 2*h{) =0
which must hold for any value of . In this way we have the system #:

hyz*+6hhz+6h, =0 '

RiZ*+2Riz—2h,=0.
The family F% is therefore:
u=[a,(1—x%) —ax exp(t)+ b,(3x — x*) exp(— 1) + b, exp(2¢)] exp(—2: —x%/2) (5.7)
where a;, b; are arbitrary constants.
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The family %z is given by the functions (5.7} which are also solutions of
A= (x*—x)u,+(x°+ D, +u(2—x*+x*) =0 (5.8}

obtained by seiting b, =b,=0.
We point out that the (5.6) can be viewed, in a formal way, as an invariant surface
condition of a second-order generalized symmetry with evolutionary operator [1]

F=1i aiu (5.9)
We can check that
FDE, = hooEy+ AoDEy + Aoy DEy+ AgoD o By + A1 D By + Agp D By + (5.10)
where the Lagrange multipliers are

Apo=x"+8x>+8 Ap=2x"+Tx Aoy =2x*+6

Asp=X" Ay =2x App=1 pn=—4.

The relation {5.10) suggests interpreting the generalized symmetry (5.9) as a non-classical
generalized symmetry for (2.3}, in accordance with the definition of non-classical point

symmetry.
On the other hand the relation (5.8), which is linear in u, and w«,, is the invariant
surface condition of the non-classical point symmetry of (2.3}, with operator

- 3__ 2 _ 4_2 3
)4 =£2._x i+ i_;_ u q__. Sy
x*+14dx ¢ x“+1 ou
By the same procedure we find that the family ¢ related to &, is given by
u = (¢~ ¢, exp(—1)x) exp(—x*/2).

From this family the % solutions are obtained by setﬁng ¢ =0.
The second conservative form (2.4), which is again a particular case of (3.14), gives
the system 57’,,

o= _[ exp(x?/2) dx v, = (. +xu) J exp(x?/2) dx —u exp(x*/2). (5.11)

It admits only the point symmetries corresponding to the generators

2. r=1 t=p=¢=0

@2: E=7r=0 n=u ¢=v
besides the cc-dimensional symmetry. Clearly none of those symmetries is potential.
Example 2.

For the wave equation in non-homogeneous media (2.5), if we consider the correspond-
ing system &,

V= U/ X T = Uy (5.12}

which is a particular case of (3.13} (H =1/x, K, = K, =0), we obtain only one potential
symmetry [7], i.e. the point symmetry of (5.12) associated with the generators

&- £=4xt r=4x+t* 7 = =20 ¢z_2tﬂ_2u. (5.13)
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The solutions of the invariant surface conditions of the vector field (5.13) are
u= fx_lfdhl(z) *le’mhz(z) . o= tx_sf‘fhz(z) —‘2-7‘_1/4’11(2)

z=x""}-4x). (514
Here the equation (4.7) reads:
7= (16x2+8x> + t*)u,, + (327 + Bxt> ) + 16 X7 21t

165011, + (1632 + 1258, ~doxae = 0. (5.15)
The FE solutions are 7 .
u=a, {2 —4x)" Y+ ayx (2 — 4x) 32+ bitx(£2 — 4x) T2+ by( 12 — 4x)? (5.16)

where a,, b; are arbitrary constants.
The family %5 is given by the functions (5.16} which are also solutions of

7 =@dx%=3xP)u, — tu,+2xu =0 (5.17)

obtained for b, =b,=0.

In this case (5.15) is the invariant condition surface of a classical generalized
symmetry of (2.5), and (5.17) is the invariant condition surface of a non-classical point
- symmetry of (2.5).

If we consider the system 9_,,
V= U, U= XU — U

(particular case of (3.13) with H=1 and K,=K;=0), we rrecognize that the only
potential symmetry is '

2. E=4dxt T=dx+F n=—2v ¢ =2tv—2xu.
The solutions %% are as in (5.16), obtained using the previous conservative form, and
the solutions ¥ are obtained for a,=a,=0 in (5.16).

Example 3.
As the last example we consider the quasilinear hyperbolic equation
ue =[f(u)u.]. fe C*(R) f>0  (5.18)
which was extensively studied in [9]. If we consider the corresponding system &,
V=1 v =f(u)u,. : (5.19)

obviously the first equation is 2 particular case of (3.13) with H =1, K;=K;=0 and
it easy to check that for every choice of the arbitrary function f, (5.19) admits the point
symmetry associated with the generators )

&: E=v+x  T=u+t n=0" ¢=0 (5.20)

which is a potential symmetry of (5.19).
The solutions of the invariant surface conditions of the vector field (5.20) are

u=hz) v=h(z) . - (5.21)
with the similarity variable implicitly defined by .
(I+h1)z—(x+h2) =0. (5.22)

Here the equation (4.7) reads -

~

n= uxxuf'*' uttui — 2w, =0. (5.23)
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The system & is
1zt hy=0 hif+hiz=0 (5.24)
and the system & is
128422k} — fB — (B} f =0
(Bih3—hih{+ mih{) 2+ (2hihi — 2k Rs — (B )z + (R (RS~ h) F (5.25)
+(hihY — bR — RIBE+2(RDP =0
where

)

du umhy

f=£() and

If we assume f=log® u, the solutions of & are

) h, = constant h,=constant
(ii) h;=exp(z) ho=(1—z)exp(z)+e¢

(2z-1) exp{z)+tz+x—c=0 (5.26)
{iii) hy=exp(—z) hy=—(1+z)exp{—z)+c

(rz—x—c)exp(z)+2z4+1=0.
We can observe that the system & admits other solutions than (5.26), for example
h, =exp(z) hy=cexp(z) {(z—c)exp(z)+tz—x=0

which is not a solution of .
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